ABSTRACT In practical engineering, uncertain loads usually cause the variations of structure stiffness to affect the security of the structure. To enhance the reliability and find the optimum structure in engineering, a topology optimization method is developed for the optimization of structural stiffness in this paper. The first-order saddle point approximation method is introduced into the topology optimization process. A multi-constrained stiffness optimization model considering uncertain loads is proposed. The corresponding sensitivity mathematical formula for stiffness is also given. The complete optimization iteration process is given. The structural stiffness optimization problems with the joint constraints of volume and displacement are solved here to illustrate the application of the proposed method. In the examples, a U-shape groove in different working situations is considered which includes the single node displacement constraint and the multi-node displacement constraint. The corresponding optimization results of different working situations are compared, and the results accord with the law of engineering.
I. INTRODUCTION
As the complexity of engineering increasing, the study of structural optimization has obtained more and more attentions. For engineering design problems, the applications of optimization strategies are not only practical but also efficient [1] - [3] . As one of the optimization strategies, the topology optimization has been widely utilized in engineering structural design [4] - [6] .
The structural topology optimization has become a research focus and frontier technology in recent decades. Bendsøe and Kikuchi propose the concept of the numerical topology optimization, which is based on the optimization methods and the homogenization theory [7] . There are numbers of method in optimization field. Among these methods, one of the common methods is Solid Isotropic Material with Penalization (SIMP) [8] - [10] . Based on the hard killing strategy, Xie develops the Evolutionary Structural Optimization (ESO) [11] . Then, he proposes a Bi-directional Evolutionary
The associate editor coordinating the review of this manuscript and approving it for publication was Zhonglai Wang. Structural Optimization (BESO) method. The hard killing method means deleting the elements which have low strain energy. In BESO method, some of the removed elements can be repeated adding in the next iteration [12] , [13] . So far, this method has used the adjoint gradient analysis technology and filtering technology to stabilize the optimization process and ensure the convergence of results. The above strategy has something in common with the technology of variable density method.
Level set method is applied to continuum topology optimization [14] , [15] . The design domain of this method is connected with the level set. The border of valid design domain is determined by the contour of the function corresponding to the level set function when the value of the level set function is zero.
Generally, loads in engineering are processed as deterministic loads in many studies. However, the method with simplified processing leads to a lower confidence in the calculation results. In engineering practice, these uncertainties could lead to the instability of the system or even have influence on safety [16] - [27] . In the past literature, a few articles focus on topology optimization method under uncertain loads. Thus, the uncertainties of the system structure should be taken into consideration with the increasing of the complexity of the structure. Consequently, we should consider enriching constraints, gradually test and improve the optimization algorithm. This paper proposes a new method of topology optimization under uncertain load with the first order saddlepoint approximation. In this study, the stiffness optimization of multi-constrained structures under uncertain loads are mainly considers. The Lagrange penalty factors are introduced to consider the relationship between multiple penalty factors and evaluate the uncertain loads.
There are mainly three parts in this article. The Section 2 was based on the reliability theory of the first-order saddle point method, which introduced uncertain parameters into the structural optimization model. The structural topology optimization model under uncertain loads was established. In Section 3, the stiffness optimization was carried out considering volume-displacement constraints, including single-point displacement constraints and multipoint displacement constraints. Combined with the uncertain load theory, the results obtained by different optimization model were compared to illustrate the effectiveness of multiconstraint theory. In Section 4, the numerical examples were given. The conclusions were given in Section 5.
II. THE FIRST ORDER SADDLEPOINT APPROXIMATION METHOD
In this part, the evaluation method for uncertainty load is introduced. Also, the probability theory is utilized to quantify the impact of uncertainty loads in practical engineering.
Here, the Probability Distribution Function (PDF) of the uncertain load X is denoted as f x (x). Then, the failure probability of X can be evaluated as
Also, the original random variables are denoted as X = {X 1 ,X 2 ,X 3 , . . . X n } (in x-space). Then the original random variables can be transformed into a set of random variables
.
These elements in x * -space are in the standard normal distribution. Thus, the probability integration can be rewritten as
Geometrically, the Most Probable Point (MPP) is the minimum range point from the origin in x * -space to the surface g(X * ) = 0. Consequently, the value of reliability index is the minimum distance. Here, the reliability index is termed as η.
To obtain η, the limit-state function g(X * ) = 0 can be linearized at point x * . Then on the border g(X * ) = 0, the maximum value of f x * (x * ) can be obtained using the optimization model. Moreover, in the saddlepoint approximation method, x * is also called the Most Likelihood Point (MLP). x * has the most influence on the failure probability p f . The MLP x * can be obtained by the model below:
At point x * , we can obtain an expansion of g(X) linearly,
Then K (t), the Cumulative Generating Function (CGF) of g(X), can be obtained as
where K i (t) can be treated as the CGF of g(X) , approximately.
Here, y is a random variable distributed. According to the definition of density function, the Moment Generating Function (MGF) and CGF of y can be obtained, which is shown in Eq. (5) and (6), respectively.
Then, f (y) can be calculated through K (ξ ), which is shown in (10) .
The saddlepoint t is the solution of (11) [28] ,
where
In (12), t is the saddlepoint corresponding to the result to the (13), K (t) is the second derivative of the CGF with respect to t. According to the saddlepoint approximation method, the approximation of CDF of y is [29] 
where 
III. THE STRUCTURAL OPTIMIZATION WITH VARIOUS CONSTRAINTS UNDER UNCERTAIN LOAD
Generally, for conventional stiffness optimization problems, only volume constraints are introduced as restrictive factors. The structural stiffness can be optimized under volume constraints. However, it cannot guarantee that the maximum displacement of the optimal structure does not exceed the restrictive displacement of the structure. Therefore, it is necessary to consider both volume constraints and displacement constraints during optimization process. This type of optimization problem belongs to the multi-constraint problems. Moreover, in practical engineering problems, the real loads on the structure are often uncertain. To enhance the structural performance (stiffness, stability, etc.) and safety, the optimization problem with multi-constraint load uncertainty is shown in this section.
A. THE STRUCTURAL OPTIMIZATION MODEL
In the previous stiffness optimization problems, in order to maximize the stiffness of structure, the total strain energy or the average compliance of the structure will be minimized under the condition of the final volume. The description of the optimization problem is described in (14) .
In this section, the structural compliance is taken as the optimization objective. Also, the first-order saddlepoint approximation method is used to describe the uncertainty parameter f . Combined with the previous reliability metrics, the multi-constrained structural stiffness topology optimization problem with uncertainty can be defined as
Subject to :
where u j and u * j represent the first displacement and its constraints, respectively; V i is the volume of an independent unit and V * is a given value of the total structure volume. Design variables denote the density of unit i, and a smaller value x min (usually 0.001) is used to replace empty unit.
From above, we can find that the current optimization problem is a multi-constraint problem of volume and local displacement. Therefore, some modifications should be made to the previous program of single-constraint problem. For example, the Lagrange multiplier method can be utilized to solve this problem. To ensure the high reliability of the topological configuration, the maximization of reliability index is treated as the optimization objective in (15) .
B. THE STRUCTURAL OPTIMIZATION OF VARIOUS CONSTRAINTS CONSIDERING UNCERTAIN LOAD 1) THE SENSITIVITY ANALYSIS
Multiple constraints can change the values of the relevant parameters of the original structure. For example, when dis-placement constraints are applied in a certain direction of a node, the displacement should be reduced compared with the original displacement. In practical engineering, the introduction of new constraints can affect the node displacement. Consequently, not only the objective function but also the sensitivity of the objective function can be changed.
In this study, the topology optimization problem can be described as (16) .
where f denotes load which can be described by (17)
where f i is the weight load vector of ith unit; X is the value of uncertain load. Here, the Lagrange multiplier λ is introduced to determine the sensitivity of displacement and force vector. Consequently, we can get the objective function in (18) .
Eq. (18) shows that if the value of displacement is the same with the constraint value, then the objective function which has been modified is the same as the primary function. In addition, if u j < u * j , then λ = 0 ,which means that the displacement constraint condition is satisfied and the constraint value does not work. If u j > u * j , then, the value of λ is necessary to minimize the value of u j in the next iteration [30] , [31] . Therefore, the Lagrange multiplier is used to compromise the objective function and displacement constraints. The process to determination λ will be described in detail. If multiple displacements is added into the optimization problem, multiple λ will also be introduced.
Then, the derivative expression of the objective function which has been modified is shown in (19) .
Because u * j is a constant,
can be eliminated directly. The method of virtual unit load f j is utilized here to determine the value of du j dx i
. The values related to the unique degree of freedom in the reference point are equal to 1. The other values are 0. According to the adjoint method, the displacement sensitivity can be obtained, which is shown in (20) . du *
where p is the penalty factor; K is the stiffness matrix,
is the stiffness matrix of the solid element. The derivative expression of the objective function can be obtained by substituting (20) to (19) , which is shown in (21) .
where u ij represents the virtual displacement vector of the ith element subjected to the virtual load f j . The value of the jth element of the virtual load vector is unit 1. The value of the other elements is 0. Therefore, the expression of the element sensitivity α i can be denoted as (22) .
In the optimization method of evolutionary structural field, the optimal design could be obtained by deleting or adding units in the design domain. Namely, there are two types of discrete variables, x min and 1, which represents empty and real elements, respectively. Therefore, the expression of the sensitivity values of these two elements is shown in (23) .
2) THE LAGRANGIAN MULTIPLIER λ
The relative order of sensitivity values in (23) changes with λ. So, the value of λ should be obtained firstly. Once the volume and displacement constraints meet the same simultaneously, a suitable λ can be determined. The definition in this program is shown in (24) .
where the range of ω is from ω min (generally 10 −10 ) to 1. In order to obtain the appropriate ω, the initial setting is ω lower = ω min , ω upper = 1. In this study, we assume that ω = 1. We can estimate the relative variation of displacement using the variation of design variables. The sensitivity of displacement can be obtained using (25) .
Therefore, the displacement value u i+1 j of the next iteration of the point is roughly estimated by the value u i j of the present iteration loop, which is shown in (26) .
Then, if u i+1 j > u * j , update ω with a smaller value, as shown in (27) .ω = ω + ω lower 2 (27) At the same time, update the upper limit value ω, ω upper = ω; if u i+1 j < u * j , update ω with a larger value, as shown in (28) .
At the same time, update the lower limit ω, ω lower = ω. With updatingω, the process above will be repeated until ω upper − ω lower < 10 −5 . Then, the final value ω will be obtained. Therefore, multiple iterations are needed to obtain a more accurate value of Lagrange multiplier. For this multiconstraint problem of volume-displacement, the application of this program is classical. In each iteration, the time required to calculate Lagrange multipliers is negligible. It is because that only the relative ranking of sensitivity values needs to be updated. For a multi-displacement constraint problem, multiple Lagrangian multipliers need to be introduced. Then, more efficient programs are needed to reduce the computational load and time.
It can be seen that although the displacement of the reference point decreases after adding the displacement constraint, the overall topological structure also changes. In other words, as long as the sensitivity of the elements around the reference point is changed, the relative order of sensitivity of the whole structural elements changes. So in the subsequent update process of the design variables, the reference point and the nearby element may not be deleted, which increases the stiffness of the structure and achieves the goal.
If it is a multi-node constraint problem, the modified sensitivity expression can be denoted as (29) .
If there are n local constraints involved, there will be n unit virtual loads f j at the corresponding constraint location. Moreover, the corresponding values are determined each time.
The flow chart of displacement constraint problem is shown in Fig. 1 .
IV. NUMERICAL EXAMPLES
The model of the sorting robot is shown in Fig. 2 , including the base, support beam, steering wheel, mechanical arm, vertical shaft and other parts. The base is to fix support beam and a movable, rotating steering wheel is mounted on the support beam. Mechanical arm is hinged at one end of the steering wheel. The vertical shaft is nested with a rotatable internal rotating shaft, and the lower end of the internal rotating shaft is hinged with a grasping fixture. The rotation of the mechanical arm and steering wheel and the lifting of the vertical shaft and the grasping action of the fixture are driven by the motor inside the support beam, so the support beam is designed to be U-shaped groove to save space.
The following three examples are structural topological analysis of the support groove of the sorting robot under different working conditions to improve the rationality of its mechanical structure design. 
A. THE NUMERICAL EXAMPLES OF SINGLE-NODE OPTIMIZATION WITH VOLUME CONSTRAINTS
Example A: The design domain is a U-shaped groove. This numerical example is to calculate the topology optimization results on the groove when the steering wheel moves along the slide; the bottom four vertices of the initial model are all fixed support constraints, and the surface in the topside is subjected to vertical loads X∼N (0,1) , which is downward. The density of materials is ρ = 1g/mm 3 , the modulus of elasticity is E 1 = 1GPa Poisson's ratio is µ = 0.3, and the value of target volume is 40% of the value of total volume, ER = 0.02, r min = 3mm.
Figs. 4 (a) and (b) are the topological structures of U-shaped groove under deterministic and uncertain loads, respectively. Comparing with Fig. 4 (a) and Fig. 4 (b) , we can observe that the optimal topology of Fig. 4 (b) has changed significantly. This shows that the structure can better withstand uncertain loads. Moreover, the reliability optimization retains more support in the structure. Observing Fig. 5 (a) and Fig. 5 (b) , the compliance can converge under both loading conditions, making the values C 1 = 26900N×mm and C 2 = 28940N×mm, respectively. Generally, the iteration process is smooth and convergent. This is due to the removal of the material between the constrained nodes. Comparing with Fig. 4 (a) and Fig. 4(b) , we can see that in Fig. 4(b) fewer materials is required. It means that this design solution can enjoy more economical and effective than the design solution based on deterministic load. So it is necessary to consider uncertain loads in topology optimization.
B. THE NUMERICAL EXAMPLES OF SINGLE-NODE OPTIMIZATION WITH VARIOUS CONSTRAINTS
Example B: The design domain is a U-shaped groove. This numerical example is to calculate the topology optimization results on the groove when the steering wheel is motionless. The bottom four vertices of the initial model are all fixed support constraints. The top surface is subjected to vertical downward uncertain loads X∼N (0,1). The density of materials is ρ = 1g/mm 3 , the modulus of elasticity is E 1 = 1GPa, Poisson's ratio is µ = 0.3, and the target volume is 40% of the total volume, ER = 0.02, r min = 3mm.
The restraint on the surface of the structure is that the maximum displacement of the positive center is restrained so that the displacement of the corresponding point of the new structure is smaller than that of the volume restraint.
The optimization results are shown in Fig. 7 , Fig. 8 and Fig. 9 .
Based on the above figures, the data are summarized as follows: Observing the three results above, we can obtain the following conclusions: (1) Comparing with Fig. 7 (a) and 7 (b), we can find that they are not very different. Also, the main parts of the structure are not very different. However, the supporting parts on both sides have changed slightly. Under the different conditions, the compliance can converge. So that the values are C 1 = 267.8 N×mm and C 2 = 296.5 N×mm , respectively.
(2) Observing the information in Table 1 , we found that under displacement constraints, the objective functions of the two kinds of loads are similar, but they are larger than those before displacement constraints. It means that the stiffness decreases compared with that before displacement constraints.
(3) Under displacement constraints, the displacement of reference points can be reduced by the optimization results. Also, the topological form of the structure can be further changed with the reliability index η.
C. THE NUMERICAL EXAMPLES OF MULTI-NODE OPTIMIZATION VARIOUS CONSTRAINTS
Example 3: The design domain is a U-shaped groove, which is shown in Fig. 10 . There are all fixed-supported constraints at four vertices of the initial model. This numerical example is to calculate the topology optimization results on the groove when the steering wheel moves along the slide; The top of the design domain is subjected to vertical downward uncertain loads X∼N (0,1). The density of materials is ρ = 1g/mm 3 , the modulus of elasticity is E 1 = 1GPa, the Poisson's ratio is µ = 0.3, and the target volume is 40% of the total volume, ER = 0.02, r min = 3mm. The optimization object is the same as that in the example 1. Also, the constraints are shown in Fig. 10 . Because of the symmetrical distribution, the displacement values of the two points are equal. So the displacement constraints are set as u * j1 = u * j2 = 1.90mm. The optimization results are shown in Fig. 11, Fig. 12 and Fig. 13 .
Through comparing the figures above, the compliances can reach convergence under both conditions. Furthermore, the value under the constraints is larger. Both of them conform to the law of single node constraint.
V. CONCLUSION
In this study, we discussed the optimization problem of the compliance and the stiffness of 3D structure. Based on the proposed BESO method, three examples are solved under uncertain load. By introducing the first-order saddle point approximation method, a bi-directional evolutionary structural dynamic optimization model with volume constraints is established to optimize the average structural dynamic compliance. It could be found that the difference between this model and the fixed load model is mainly in sensitivity.
For the three-dimensional U-groove example, the topological optimization of uncertain loads is performed. Furthermore, a multi-constrained structural optimization model is established, based on uncertain load conditions. This proposed model includes not only volume constraints but also displacement constraints. Finally, the volume-displacement constrained models under single-point constraints and multipoint constraints are given.
The examples of multi-constraint topological structure under uncertain load are calculated. From the result, when there is only a kind of constraint, volume constraint for example, the structure with maximum stiffness can be obtained. If another constraint is added, the stiffness will be weakened, which also corresponds to the mechanical properties of materials in practical engineering.
